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CLOSED GEODESICS ON CONNECTED SUMS AND
3-MANIFOLDS
HANS-BERT RADEMACHER AND ISKANDER A. TAIMANOV
Abstract. We study the asymptotics of the number N(t) of geomet-
rically distinct closed geodesics of a Riemannian or Finsler metric on
a connected sum of two compact manifolds of dimension at least three
with non-trivial fundamental groups and apply this result to the prime
decomposition of a three-manifold. In particular we show that the func-
tion N(t) grows at least like the prime numbers on a compact 3-manifold
with infinite fundamental group. It follows that a generic Riemannian
metric on a compact 3-manifold has infinitely many geometrically dis-
tinct closed geodesics. We also consider the case of a connected sum
of a compact manifold with positive first Betti number and a simply-
connected manifold which is not homeomorphic to a sphere.
1. Introduction
For a compact manifold with infinite fundamental group endowed with a
Riemannian or Finsler metric we investigate the asymptotics of the num-
ber N(t) of geometrically distinct closed geodesics with length ≤ t. In any
non-trival free homotopy class there exists a non-trivial closed geodesic.
Therefore not the growth of the fundamental group but the growth of the
number of conjugacy classes allows to estimate of the function N(t). If the
first Betti number b1(M) = rkZH1(M ;Z) satisfies k = b1(M) ≥ 2 then
one obtains lim inft→∞N(t)/t
k > 0, in particular there are infinitely many
closed geodesics. Estimates for the function N(t) in case of an infinite cyclic
fundamental group are due to Bangert and Hingston [8, Thm.], for an infi-
nite solvable fundamental group due to [23, Thm.3], for products of S1 with
a simply-connected manifold due to Gromov [10, p.398] and for an almost
nilpotent, but not infinitely cyclic fundamental group due to Ballmann [3,
Satz 2]. Related results were also obtained by Tanaka [25]. Ballmann, Thor-
bergsson and Ziller [4] present results for fundamental groups in which there
is a non-trivial element for which two different powers are conjugate to each
other.
In Section 2 we study the growth function F (k) of the number of con-
jugacy classes in G which can be represented by words of length ≤ k in
some generating set for a free product G = G1 ∗ G2 of non-trivial groups
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G1 and G2. We apply this result in Section 3 to the fundamental group
pi1 (M1#M2) ∼= pi1(M1) ∗ pi1(M2) of the connected sum M1#M2 of compact
manifolds M1 and M2 of dimension ≥ 3. Section 3 and Section 4 give the
proof of
Theorem 1. Let M1 and M2 be two compact manifolds of dimension n ≥ 3
and let pi1(M1) 6= 0 and let M2 be not homeomorphic to the n-sphere. Then
the number of geometrically distinct closed geodesics N(t) of length ≤ t of a
Riemannian or Finsler metric on the connected sum M =M1#M2 satisfies
the following:
(a) If pi1(M2) 6= 0 or if the first Betti number b1(M1) = rkZH1(M1;Z) ≥
1 then lim inft→∞N(t) log(t)/t > 0.
(b) If pi1(M2) 6= 0 and pi1(M2) 6∼= Z2 then lim inft→∞ log(N(t))/t > 0.
In particular in both cases there are infinitely many geometrically distinct
closed geodesics. Moreover these inequalities hold if only non-contractible
closed geodesics are counted.
We remark (see Section 5) that together with known results Theorem 1
implies that the only remaining case for which the existence of infinitely
many geometrically distinct closed geodesics on connected sums is not es-
tablished is as follows: one of of manifolds, say M2, is simply-connected and
b1(M1) = 0 with pi1(M1) infinite.
Note that Paternain and Petean proved in [20] that for a bumpy Rie-
mannian metric on a connected sum M = M1#M2 the number N
0(t) of
contractible closed geodesics of length ≤ t has exponential growth under the
following assumption: pi1(M1) has a subgroup of finite index ≥ 3 and M2 is
simply-connected and not a homotopy sphere.
Theorem 1 is applied in Section 6 to the prime decomposition of a three-
dimensional manifold:
Theorem 2. Let M be a compact 3-manifold. If the fundamental group
pi1(M) is infinite then for any Riemannian or Finsler metric the num-
ber N(t) of geometrically distinct closed geodesics of length < t satisfies:
lim inft→∞N(t) log(t)/t > 0. In particular there are infinitely many geomet-
rically distinct closed geodesics.
We also give assumptions in Theorem 4 under which the growth of N(t)
on a three-dimensional compact manifold is exponential or polynomial of
arbitrary order. The function N(t) has exponential growth if the 3-manifold
is neither prime nor diffeomorphic to the connected sum RP 3#RP 3 of two
real-projective spaces RP 3. Using a result by Hingston [11, 6.2] applied
to a Riemannian metric on the 3-sphere all of whose closed geodesics are
hyperbolic Theorem 2 implies
Theorem 3. Let M be a compact 3-manifold. Then for a C4-generic Rie-
mannian metric on M the number N(t) of geometrically distinct closed
geodesics of length < t satisfies: lim inft→∞N(t) log(t)/t > 0. In particu-
lar there are infinitely many geometrically distinct closed geodesics.
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The proof is presented in Section 6. It is shown in [21] that a C4-generic
Riemannian metric on a compact and manifold with trivial or finite funda-
mental group carries infinitely many geometrically distinct closed geodesics.
Therefore in this paper we concentrate on compact manifolds with infinite
fundamental group.
For surfaces the corresponding statements holds for an arbitrary Rie-
mannian metric, cf. Remark 4.
Acknowledgements
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2. Normal forms in free products of groups
We use the following terminology: As a general reference for this section
we use Lyndon and Schupp’s book on combinatorial group theory, cf. [18,
Sec. V.9]. We consider the free product G = G1 ∗ G2 of two non-trivial
groups G1, G2. Any element g ∈ G = G1 ∗ G2, g 6= 1 can be expressed
uniquely in normal form as a product of non-trivial elements of the groups
G1, G2 :
g = g1g2 · · · gr , r ≥ 1 .
Here no two consecutive factors gj , gj+1 belong to the same group Gj . Then
r = |g| is the length of g. If there are two elements g = g1 · · · grc1 · · · ct
and h = c−1t · · · c
−1
1 h1 · · · hs in normal form with h1 6= g
−1
r then the letters
c1, . . . , ct cancel in the the product gh. If gr and h1 do not lie in the same
factor Gj the normal form of the product is given by: g1 · · · grh1 · · · hs. If gr
and h1 lie in the same factor Gj and a = grh1 6= 1 then the normal form
of the product gh is given by g1 · · · gr−1ah2 · · · ht. Then we say that gr and
h1 have been consolidated. I.e. their product a gives a single element in the
normal form of gh.
We call g with normal form g = g1 · · · gr cyclically reduced if either |g| ≤ 1
or if g1 and gr do not lie in the same factor Gj . Since we only consider a
product of two factors this implies that r is even. The element g is called
weakly reduced if |g| ≤ 1 or g1 6= g
−1
r . A cyclic permutation of the normal
form g = g1 · · · gr is of the form g
′ = gs · · · grg1 · · · gs−1 for some s ≤ r.
Later on we will use the following
Lemma 1. Let g = g1 · · · gr be a cyclically reduced word in the free product
G = G1 ∗G2, i.e. r is even. Then any element g
′ = hgh−1 for some h ∈ G
which is also cyclically reduced is a cyclic permutation of the word g. Hence
g′ = gs · · · grg1g2 · · · gs−1 for some s ≤ r.
Proof. If h = g−1s−1 · · · g
−1
1 then hgh
−1 = gs · · · grg1 · · · gs−1. For h = h
′gk, k ∈
Z we obtain hgh−1 = h′gh′−1. Therefore we consider now the largest number
s ≤ r such that h has the following normal form: h = h1 · · · htg
−1
s−1 · · · g
−1
1
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where ht lies in the same factor as gs and htgs 6= 1. Then the normal form
of g′ = hgh−1 is given by:
h1 · · · ht−1ags+1 · · · grg1 · · · gs−1h
−1
t · · · h
−1
1 , a = htgs .
Hence this normal form has odd length |g′| = r+2t−1, i.e. it is not cyclically
reduced. This also follows from the fact that the first element h1 and the
last element h−11 of the normal form belong to the same factor. 
Lemma 2. For any g′ ∈ G = G1 ∗ G2, g
′ 6= 1 there is an element g ∈ G
with cyclically reduced normal form g = g1 · · · gr such that g
′ and g are
conjugate, i.e. there exists an element h ∈ G with g′ = hgh−1. And any
element g∗ which is conjugate to g
′ and has cyclically reduced normal form
is a permutation of g.
Proof. The normal form g′ = g1 · · · gr is uniquely determined. If r is even,
this is already a cyclically reduced normal form. Therefore we assume r
is odd, i.e. g1, gr belong to the same factor Gj . If grg1 = 1 we obtain
an element g′1 = g
−1
1 g
′g1 = g2 · · · gr−1 in normal form which is conjugate
to g′. After finitely many steps we obtain an element g′s = gs+1 · · · gr−s in
normal form conjugate to g′ with gs+1, gr−s lying in the same factor Gj and
satisfying gr−sgs+1 6= 1. Hence this is a weakly reduced normal form. Then
g := g−1s+1g
′
sgs+1 is conjugate to g
′ and has normal form g = gs+2 · · · gr−s−1a
with a = gr−sg
−1
s+1. Hence this normal form is cyclically reduced. Now
Lemma 1 implies that this g is uniquely determined up to permutation. 
For a finitely generated group G with a finite set E of generators the word
length wE(g) of an element g ∈ G is given as the minimal number of elements
e1, . . . , ek ∈ E such that g = e1 · · · ek. Let G1, G2 be finitely generated
groups, i.e. there exist finite generating sets Ej ⊂ Gj , j = 1, 2 for G1 and
G2. We denote by E the disjoint union of E1 and E2. This is a generating
set for G = G1 ∗G2. For g ∈ G = G1 ∗G2 with normal form g = g1 · · · gr the
word length can be expressed as follows: wE(g) = wE(g1) + . . .+ wE(gr).
Proposition 1. Let G = G1 ∗ G2 be the free product of two non-trivial
and finitely generated groups G1, G2 with generating sets E1, E2 with dis-
joint union E. Let G = {[g]; g ∈ G} be the set of conjugacy classes, i.e.
[g] = {hgh−1 ; h ∈ G}. We define the function F (k) := #{[g] ∈ G ; g ∈
G;wE(g) ≤ k}. If at least one of the groups G1, G2 has at least three ele-
ments, then there is a constant λ > 1 such that F (k) ≥ λk.
Proof. Let a be an element of the generating set E1 for G1 and b1 be an
element from the generating set E2 for G2. If b
2
1 6= 1, let b2 := b
2
1. In this
case wE(b2) = wE(b
2
1) = 2. Otherwise let b2 be an element from the set
E2 − {b1}. This set is non-empty since by assumption G2 has at least three
elements.
Let r ≥ 1 and let (m1,m2, . . . ,mr) be an r-tuple with 1 ≤ mj ≤ 2, j =
1, . . . , r. Then we define an element
(1) g(m1, . . . ,mr) = abm1abm2 · · · abmr .
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This is a cyclically reduced normal form since |g(m1, . . . ,mr)| = 2r is even.
Hence wE (g(m1, . . . ,mr)) ≤ 3r. We conclude from Lemma 2 that the con-
jugacy classes of g(m1, . . . ,mr) and g(m
′
1, . . . ,m
′
r) coincide if and only if the
tuples (m1, . . . ,mr) and (m
′
1, . . . ,m
′
r) coincide up to a cyclic permutation.
Hence
F (3r) ≥ 2r/r.

Remark 1. (a) The Proof also shows that G1 ∗ G2 has a free non-cyclic
subgroup of rank at least 2 if G2 has at least three elements. The elements
ab1 and ab2 are generators for the free subgroup of rank 2.
(b) The free group G = 〈a1, . . . , ak〉 of rank k generated by a1, . . . , ak is
isomorphic to the free product 〈a1〉 ∗ . . . ∗ 〈ak〉. Hence the assumptions of
Proposition 1 are satisfied for a non-cyclic free group G.
3. Closed geodesics on connected sums M1#M2 with
pi1(M1) 6= 0, pi1(M2) 6= 0.
We apply the results of the last section to the fundamental group of
a connected sum of two compact manifolds with non-trivial fundamental
group to estimate the number N(t) of geometrically distinct closed geodesics
of length ≤ t. Two closed geodesics c1, c2 : S
1 −→M are called geometrically
equivalent if the images coincide as point sets, i.e. c1(S
1) = c2(s
1) and if in
addition in the case of a non-reversible Finsler metric also the orientations
of the curves coincide. Therefore in the estimates for the function N(t)
depending on the reversibility of the Finsler metric a factor 2 could occur
in the estimates for the function N(t) which would not affect our estimates
for the asymptotics of N(t).
In every non-trivial free homotopy class of closed curves on a compact
manifold there is a shortest closed curve which is a closed geodesic. Two
closed curves c1, c2 : [0, 1] −→ M with cj(0) = cj(1) = p, j = 1, 2 are freely
homotopic if their homotopy classes in the fundamental group pi1(M) =
pi1(M,p) are conjugate. We use that the fundamental group pi1(M) of a
connected sum M = M1#M2 of two manifolds of dimension n ≥ 3 is iso-
morphic to the free product of the fundamental groups pi1(Mj), j = 1, 2 :
(2) pi1 (M1#M2) ∼= pi1 (M1) ∗ pi1 (M2) .
This follows from Seifert-Van Kampen’s theorem [7, ch.III Prop.9.4]. Before
we give the Proof of Theorem 1 we discuss examples:
Example 1. (a) The infinite dihedral group Z2 ∗ Z2 is isomorphic to the
fundamental group pi1(M) of the connected sum M =M1#M2 of two man-
ifolds with pi1(M) ∼= pi1(M2) ∼= Z2. Then M has a twofold covering M˜ with
pi1(M˜) ∼= Z, since Z is a normal subgroup of Z2∗Z2 of index 2. Hence the free
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product Z2 ∗Z2 is isomorphic to a semidirect product Z ∗Z ∼= Z⋊Z2, com-
pare the following Proof. For example the connected sum M = RPn#RPn
of two real projective spaces satisfies this assumption.
(b) The modular group PSL2(Z) = SL2(Z)/Z2 is isomorphic to the free
product Z2 ∗Z3. It is isomorphic to the fundamental group of the connected
sum RP 2m+1#S2m+1/Z3,m ≥ 1 of the real projective space RP 2m+1 and
the lens space S2m+1/Z3. It satisfies the assumption of Part (b).
(c) For n ≥ 3 the free group of rank k ≥ 2 is isomorphic to the fundamental
group of the connected sum M =
(
S1 × Sn−1
)
# · · ·#
(
S1 × Sn−1
)
of k
copies of S1 × Sn−1. Then the assumption of Part (b) is satisfied.
Now we give the Proof of Theorem 1 stated in the Introduction under
the assumption pi1(M1) 6= 0, pi1(M2) 6= 0 :
Proof. (a) Assume pi1 = pi1(M) ∼= pi1(M2) ∼= Z2. Let a and b be the gener-
ators of the two copies of Z2, hence pi1 ∼= 〈a〉 ∗ 〈b〉. We put t = ab. Then
pi1 is generated by a and t and the following relation holds: ata
−1 = t−1.
Therefore pi1 contains a subgroup which is generated by t, is isomorphic to
Z and whose index is equal to two, in particular, it is a normal subgroup.
Then there is a twofold covering space M˜ with pi1(M˜) = 〈t〉 ∼= Z . The
claim follows from a result by Bangert and Hingston [8, Thm.].
(b) Let a be an element of a generating set E1 for pi1(M) and b1 be an
element from a generating set E2 for pi1(M2). If b
2
1 6= 1, let b2 = b
2
1. Otherwise
let b2 be an element from E2 − {b1}, which exists by assumption. And let
r ≥ 1 and let (m1,m2, . . . ,mr) be an r-tuple with 1 ≤ mj ≤ 2.
Let M be a maximal subset of the tuples (m1,m2, . . . ,mr) with 1 ≤
mj ≤ 2 and such that no distinct tuples in M are a cyclic permuta-
tion of one another. Then #M ≥ 2r/r. The elements g(m1, . . . ,mr) for
(m1, . . . ,mr) ∈ M defined by Equation (1) define at least 2
r/r pairwise
distinct free conjugacy classes, cf. the Proof of Proposition 1 and Lemma 2.
Let L be the maximum length of the shortest closed curves in the homo-
topy classes a, b1, b2 ∈ pi1(M,p). Hence it is the maximum of the lengths of
shortest geodesic loops with base point p in the homotopy classes a, b1, b2.
Then there exist closed geodesics γ(m1, . . . ,mr) for (m1, . . . ,mr) ∈ M freely
homotopic to g(m1, . . . ,mr) which are pairwise distinct and pairwise not
freely homotopic. We obtain
L(γ(m1, . . . ,mr)) ≤ 3rL .
Two distinct closed geodesics γ(m1, . . . ,mr) can be geometrically equivalent
only if they are coverings of the same prime closed geodesic.
Let L1 be the length of a shortest homotopically non-trivial closed geo-
desic on M. Then the multiplicity of γ(m1, . . . ,mr) is bounded from above
by 3rL/L1. Hence we obtain for the numberN(3rL) of geometrically distinct
CLOSED GEODESICS ON CONNECTED SUMS AND 3-MANIFOLDS 7
closed geodesics of length ≤ 3rL as lower bound:
N (3rL) ≥
2rL1
3r2L
.
This finishes the proof. 
Remark 2. The above Proof of Theorem 1 also shows that the following
statements hold under the assumption pi1(M1) 6= 0, 6∼= Z2 and pi1(M2) 6= 0 :
(d) The fundamental group pi1(M) has exponential growth. By definition
this means that for a generating set E the function # {g ∈ G;wE(g) ≤ k}
has exponential growth.
(e) For points p, q ∈ M denote by nt(p, q) the number of geodesics of
length ≤ t joining p and q. Then one can show with the results of Section 2
that for all p, q ∈ M : lim inft→∞ log(nt(p, q))/t > 0 . Then the topological
entropy htop(φ) of the geodesic flow φ : T
1M −→ T 1M on the unit tangent
bundle T 1M is positive, cf. [19, Prop.4.1].
4. Closed geodesics on connected sums M1#M2 with b1(M1) = 1
In this section we give the Proof of Theorem 1 stated in the Intro-
duction under the assumption b1(M1) = 1 and M2 not homeomorphic to
Sn :
Proof. It is enough to consider the case of b1(M1) = rkZH1(M1,Z) = 1, cf.
Propostion 7. Let h ∈ pi1(M1) and the corresponding homology class [h] be
of infinite order, i.e., generate H1(M1)/Torsion:
H1(M1) = Z[h]⊕ Torsion.
Proposition 2. For k ≤ n− 2
pik(M1#M2) = pik(M1 ∨M2).
Proof of Proposition. The manifold M is obtained by removing n-
discs D1 and D2 from M1 and M2 and gluing to the boundaries the cylinder
C = Sn−1 × [0, 1]. We take cell decompositions of ∂D1 = and ∂D2 into
unions of (n− 1)-cells and the points p1 and p2. These cell decompositions
are extended to the cell decomposition of C by adding to them 1-cell joining
p1 and p2 and an n-cell D0. Let us now extend the cell decomposition of C
to a cell decomposition of M .
Any map of l-dimensional CW complex X into M is homotopic to a map
into the l-skeleton M (l) of M . Therefore any map of a CW complex of
dimension ≤ k+ 1 < n into M is homotopic to a map into M \D0 and this
imply that
pik(M1#M2) = pik(M \D0).
Moreover the same is valid if we add n-discs to ∂D1 and ∂D2 in M \ D0.
The resulted complex Y is homotopic to the manifolds M1 and M2 which
are connected by an interval attached to the interval attached to p1 ∈ M1
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and p2 ∈ M2. By shrinking this interval to a point we obtain the bouquet
M1∨M2 which is homotopically equivalent to Y . This proves Proposition 2
Proposition 3. Let M2 be (k − 1)-connected with k ≥ 2. Then
pi1(M1 ∨M2) = pi1(M) = pi1(M1),
pik(M1 ∨M2) = A1 ⊕A2, A1 = pik(M1), A2 = Z[pi1]⊗Z Hk(M2),
A1 and A2 are submodules over Z[pi1], the action of pi1 on A1 is induced
by the action of pi1(M1) on pik(M1) and pi1 acts on A2 by multiplications in
Z[pi1].
Proof of Proposition. The universal cover Sk → M˜1 ∨M2 ofM1∨M2
is the bouquet of the universal cover M˜1 of M1 with infinitely many copies
of M2 parameterized by elements of pi1. In homotopical calculations we
may assume that M2 is a CW complex with one point, with no other cells
of dimension < k and with finitely many cells of dimension k which are
one-to-one correspondence with generators of Hk(M2) = pik(M2).
Let us take a map f : Sk → M˜1 ∨M2. By homotopy we reduce this
map to a form when Sk is decomposed into finitely many domains such
that each domain is mapped into one of the copies of M2 or into M˜1, and
the boundaries of these domains are mapped into the point p = M1 ∩M2.
If some domain W is mapped into gM2 then by adding to [S
k] a certain
element of gpik(M2) we change the map f to another one which is homotopic
to the map which is the same outside W and W is mapped into p = M1 ∩
M2. Algebraically that means that [f ] is replaced by [f ] − gag where ag ∈
Hk(M2) = pik(M2). This element gag is as follows. Let the k-skeleton of
M2 is the bouquet of k-spheres S
k
1 , . . . , S
k
m. We denote by gS
k
1 , . . . , gS
k
m the
corresponding spheres in the copy of M2 marked by g ∈ pi1. Let dg,i =
deg[Sk
f
→ gSki ], i = 1, . . . ,m. Then
gag =
m∑
i=1
dg,i[gS
k
i ].
By successively applying this procedure we represent [f ] as the sum
[f ] = s1 + s2, s1 ∈ pik(M1), s2 ∈ Z[pi1]⊗Z Hk(M2).
This decomposition is clearly unique because s2 realizes via the Hurewicz
homomorphism nontrivial elements in a component of Hk on which pi1 acts
by multiplications, and the Hurewicz homomorphism maps s1 into another
component of Hk. The actions of pi1 on A1 and A2 are clear. Proposition 3
is established.
Let h ∈ pi1(M) be realized by a loop ω based at p ∈ M and Λ[h](M,p)
be the space of S1-maps into M freely homotopic to h. By [5, Abschn.2] or
[22, Lem.1], the exact homotopy sequence for the Serre fibration
Λ[h](M)
Ω[h](M)
−→ M
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which maps the loop into the marked point includes the following piece:
pik(M)
h∗−1−→ pik−1(Ω(M)) = pik(M)→ pik−1Λ[h](M)
where h∗ : pik → pik is the action of h ∈ pi1 on the k-th homotopy group
pik. Hence if (h∗ − 1) is not an epimorphism then the group pik−1Λ[h](M) is
nontrivial. In special case pi1 = Z that was found by Bangert–Hingston who
proved that
if in this situation the powers of h induce different free homotopy classes
then the number N(t) of simple closed geodesics of length ≤ t grows as
C
t
log t
for some constant C > 0
and moreover such an inequality holds if only non-contractible simple closed
geodesics are counted.
Let us prove that under assumptions of Theorem 1 h∗ − 1 : pik(M) →
pik(M) is not an epimorphism. We do that by contradiction. Let (h∗− 1) is
an epimorphism which implies, by Proposition 2, that the multiplication
×(h− 1) : Z[pi1]⊗Z Hk(M2)→ Z[pi1]⊗Z Hk(M2)
is an epimorphism. Let us take a generator γ of Hk(M2) = pik(M2). De-
note by the same symbol, a generator of pik(M) which is realized by the
corresponding map Sk → M˜ to a fixed M2-component of the bouquet. If
γ ∈ (h∗ − 1)pik(M), then there exists and element
qγ, q ∈ Z[pi1],
such that (h− 1)qγ = γ, and hence
(h− 1)q = 1
in Z[pi1] if γ is of infinite order, or in ZN [pi1] if γ is of order N < ∞. Take
the homomorphism of pi1 into pi1/[pi1, pi1] which induces the homomorphism
of the group rings and derive that
([h] − 1)[q] = 1 in Z[H1], or in ZN [H1].
IfH1(M) has a torsion we may again transfer to another ring Z[H1/Torsion] =
Z[u, u−1], or to ZN [H1/Torsion] = ZN [u, u−1] and derive the equality
(u− 1)q¯ = 1
which has to hold in this ring. Let
q¯ = aru
r + · · ·+ asu
s,−∞ < r ≤ s <∞.
Then
(u− 1)q¯ = −aru
r + . . . asu
s+1 6= 1,
and we arrive at contradiction. Hence γ /∈ (h∗ − 1)pik(M). Now we apply
arguments from [8] to derive the conclusion. 
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5. A remark on closed geodesics on connected sums of
manifolds
For a connected sum of two closed manifolds M1#M2 of dimension n ≥ 3
which are not homeomorphic to the n-sphere it is known that every metric
on it has infinitely many geometrically distinct closed geodesics if
(a) one of them, sayM2 is simply-connected, and the fundamental group
of another one, pi1(M1), is finite;
(b) one of them, say M2, is simply-connected and M1 has has positive
first Betti number, see Theorem 1 Part(a);
(c) both M1 and M2 are not simply-connected, see Theorem 1 Part(b).
The remaining case for which there is no positive answer is as follows: M2
is simply-connected and pi1(M1) is infinite with b1(M1) = 0.
We have to justify only on the case (a), because two other cases follow
from Theorem 1.
By the Gromoll–Meyer theorem [9, Thm.4], if the sequence (bj(ΛM,k))j∈N
of Betti numbers of the free loop space ΛM is unbounded then there are
infinitely many geometrically distinct closed geodesics for any Riemannian
or Finsler metric.
Moreover if there is a field k such that the cohomology ring H∗(M ; k) of
M over k has at least two generators, then the sequence (bj(ΛM,k))j∈N is
unbounded (first this result was shown for k = Q the rational field in [26],
and later extended onto all fields of coefficients in [15]).
To derive the case (a) from these results we prove
Proposition 4. If M1 and M2 are simply-connected n-dimensional mani-
folds non-homeomorphic to the n-sphere, then there is a field k equal to Zp
for some prime p or to Q such that the cohomology ring H∗(M1#M2; k) has
at least two generators.
This proposition is straightforwardly derived from the following
Lemma 3. Let X be an n-dimensional simply-connected manifold non-
homeomorphic to the n-sphere. Then at least one of two possibilities holds:
a) X is not a rationally homological sphere, i.e., there is k < n such that
Hk(X) is infinite;
b) the cohomology ring H∗(X;Zp) has at least two generators for some
prime p.
Proof of Lemma. Let us assume that X is a rationally homological
sphere, i.e., a) does not hold. By the Hurewicz theorem, there is k such that
k > 1, Hi(X) = 0 for 0 < i < k, and Hk(X) 6= 0. Since X is not homeo-
morphic to the sphere, k < n and, since H∗(X;Q) = H∗(Sn;Q), Hk(X) is
finite. Let us take a prime p such that the order of Hk(X) is divisible by
p and therefore Hk(X;Zp) 6= 0. Since Zp is a field, the groups Hi(X;Zp)
and H i(X;ZP ) are dual for all i and we conclude that Hk(X;Zp) 6= 0. By
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theorem on universal coefficients, we have the exact sequence
0→ Ext(Hk(X),Zp)→ H
k+1(X;Zp)→ Hom(Hk+1(X),Zp)→ 0.
Since Hk(X) has a p-torsion, Ext(Hk(X),Zp) 6= 0, the exact sequence im-
plies that Hk+1(X;Zp) 6= 0, and we derive that H∗(X;Zp) has at least two
generators of dimensions k and k + 1 which implies that b) holds. Lemma
is proved.
Hence, we conclude that on a connected sum of simply-connected man-
ifolds there infinitely many geometrically distinct closed geodesics for all
Riemannian and Finsler metrics.
If M = M1#M2, pi1(M1) is finite, and pi1(M2) = 0, then the universal
cover M˜ is homeomorphic to the connected sum of the universal cover M˜1 of
M1 and m copies of M2 where m is the order of pi1(M1). Since the universal
covering M˜ →M ism-sheeted the existence of infinitely many geometrically
distinct closed geodesics on M˜ implies the same conclusion forM . Therefore
the case (a) is justified.
6. Closed geodesics on 3-manifolds
We recall the following statements about manifolds of dimension 3, a
general reference is the book [2] by Aschenbrenner, Friedl and Wilton. An
orientable 3-manifold is called prime if it cannot be decomposed as a non-
trivial connected sum. Hence if M = M1#M2 then either M1 or M2 is
diffeomorphic to S3. A 3-manifold M is called irreducible if every embedded
2-sphere in M bounds a 3-ball. Conversely an orientable prime 3-manifold
is either irreducible or diffeomorphic to S1×S2. Note that we consider only
manifolds without boundary, whereas in reference [2] manifolds in general
may have boundary. One obtains the following decomposition result, cf. [2,
Thm.3.0.1]:
Proposition 5. Let M be a compact, orientable 3-manifold. Then M ad-
mits a decomposition
(3) M = S1# · · ·#Sk#T1# · · ·#Tl#N1# · · ·#Nm ; k, l,m ∈ N0
as a connected sum of orientable prime 3-manifolds. Here
(a) S1, . . . , Sk are the prime components of M with finite fundamental
group, these are spherical spaces.
(b) T1, . . . , Tl are the prime components of M with infinite solvable fun-
damental group. Hence Ti, i = 1, . . . , l is either diffeomorphic to
S1 × S2, or it has a finite solvable cover which is a torus bundle.
(c) N1, . . . , Nm are the prime components ofM whose fundamental group
is neither finite nor solvable. Nj, j = 1, . . . ,m is either hyperbolic,
or finitely covered by an S1-bundle over a surface Σ with negative
Euler characteristic χ(Σ) < 0, or has a non-trivial geometric decom-
position.
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It follows that the fundamental group pi1(M) is the free product of the
fundamental groups of the prime components, i.e.
pi1(M) = pi1(S1) ∗ · · · ∗ pi1(Sk) ∗ pi1(T1) ∗ · · · ∗ pi1(Tl) ∗ pi1(N1) ∗ · · · ∗ pi1(Nm) ,
cf. Equation (2).
Definition 1. Let M be a smooth manifold. The first virtual Betti number
vb1(M) is defined as the maximal first Betti number b1(M˜) = rkZH1(M˜ ;Z)
of a finite covering M˜, i.e. vb1(M) ∈ Z≥0 ∪ {∞} with
vb1(M) := sup{k ∈ Z; b1(M˜) ≥ k, M˜ −→M is a finite covering}.
The following statement was known in the literature as the virtual infinite
Betti number conjecture. It was solved due to solution of the geometrization
conjecture by Perelman, cf. [2, Thm.1.7.6] and the work by Agol, Kahn-
Markovich and Wise leading to the proof of the virtually compact special
theorem [2, Thm. 4.2.2]:
Proposition 6. [2, flowchart p.46, Cor.4.2.3] If M is a compact, irreducible,
orientable 3-manifold such that the fundamental group is neither finite nor
solvable. Then the virtual first Betti number is infinite, i.e. vb1(M) =∞.
The statement and the involved arguments can be read off from the flow-
chart [2, p.46] together with the corresponding Justifications [2, 3.2] and [2,
Cor.4.2.3]: The Geometrization Theorem [2, Thm.1.7.6] implies that any
compact, orientable, irreducible 3-manifold (with empty boundary) is Seifert
fibred, hyperbolic or admits an incompressible torus. If the manifold is hy-
perbolic then vb1(M) = ∞. This is a consequence of the above mentioned
virtually compact special theorem [2, Thm. 4.2.2] due to Agol [1], Kahn-
Markovich and Wise and is stated in [2, Cor.4.2.3]
If the manifold is Seifert fibred it is finitely covered by an S1-bundle M˜
over a surface F which has negative Euler characteristic χ(F ) < 0 since
by assumption the fundamental group pi1(M) is neither solvable nor finite.
Therefore the covering M˜ admits an incompressible torus. Hence we are
left with the case that a covering M˜ of M contains an incompressible torus
T ⊂ M˜. Since pi1(M˜) is neither finite nor solvable we conclude from [17,
Thm.1.1] that vb1(M) = ∞. The statement of Proposition 6 can also be
found in [16, Thm.1.1].
It is easy to see that a compact Riemannian manifold with virtual Betti
number at least 2 carries infinitely many closed geodesics:
Proposition 7. Let M be a compact Riemannian manifold with a Rie-
mannian or Finsler metric. If the virtual Betti number satisfies vb1(M) ≥ 2
then for any k ≤ vb1(M) the number N(t) of geometrically distinct closed
geodesics of length ≥ t satisfies: lim inft→∞N(t)/t
k > 0 . In particular there
are infinitely many geometrically distinct closed geodesics.
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Proof. Let F : M˜ −→M be a finite covering of order r ≥ 2 with b1(M˜ ) ≥ k
and let g˜ be the induced Riemannian metric on M˜ for which the finite
group of deck transformations Γ acts by isometries. For a closed geodesic
c˜ : S1 −→ M˜ on M˜ the set Γ(c˜(S1)) = {γ(c˜(t)); γ ∈ Γ, t ∈ S1} consists of
at most r = #Γ distinct closed geodesics which are mapped under F onto a
single closed geodesic of length ≤ L(c˜). Since b1(M˜ ) ≥ k we obtain for the
number N˜(t) of closed geodesics on M˜ of length ≤ t : N˜(t) ≥ λ˜k t
k for some
λ˜k > 0, cf. [5, §5] or [3, p.55]. Hence the number N(t) of closed geodesics
of length ≤ t on M satisfies: Ng(t) ≥ (λ˜k/r) t
k. 
Theorem 4. Let M be a compact, orientable 3-manifold with infinite funda-
mental group pi1(M) and with prime decomposition given in Proposition 5.
Let M carry a Riemannian or Finsler metric. Then we obtain the following
estimates for the number N(t) of geometrically distinct closed geodesics of
length ≤ t :
(a) If the manifold is not prime and is not diffeomorphic to RP 3#RP 3
then lim inft→∞ log(N(t))/t > 0 .
(b) If the manifold is prime and if the fundamental group is neither finite
nor solvable then for any r ≥ 1 : lim inft→∞N(t)/t
r > 0 .
(c) If M is prime and has an infinite solvable fundamental group or if
M = RP 3#RP 3 then lim inft→∞N(t) log(t)/t > 0 .
Proof. (a) If the manifold is not prime and not diffeomorphic to RP 3#RP 3
then the fundamental group pi1(M) is isomorphic to the free product G1∗G2
of two non-trivial groups G1, G2 where at least one of the groups has at least
three elements. Then the claim follows from Theorem 1.
(b) If the manifold is prime and if pi1(M) is neither finite nor solvable we
conclude from Proposition 6: vb1(M) = ∞ . Then the claim follows from
Proposition 7.
(c) If the manifold is prime and the fundamental group pi1(M) = pi1(T1)
is infinite and solvable the conclusion is due to Taimanov [23, Thm.3].
Let M = RP 3#RP 3 i.e. M is the connected sum of two real projective
3-spaces. Then M˜ = S1 × S2 is a twofold cover, its fundamental group
pi1(M˜) ∼= Z is a normal subgroup of index 2 of the free product Z2 ∗ Z2, cf.
the Proof of Theorem 1. Since pi1(M˜) ∼= Z the claim follows from a result
by Bangert-Hingston [8, Thm.], cf. Theorem 1 (a). 
Remark 3. If the 3-manifold M carries a hyperbolic metric then for any
Riemannian metric g onM the number N(t) of geometrically distinct closed
geodesics with length ≤ t satisfies lim inft→∞ log(N(t))/t > 0 , cf. for exam-
ple [13, Thm.A].
As a consequence of Theorem 4 we obtain the Proof of Theorem 2
stated in the Introduction:
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Proof. We can assume without loss of generality that M is orientable. If
M is non-orientable we use the twofold orientation covering M˜. If pi1(M) is
infinite also pi1(M˜ ) is infinite. Then the claim follows from Theorem 4. 
To include also the case of a finite and possibly trivial fundamental group
in dimension three we have to restrict to a generic metric: We call a Rie-
mannian metric g twist metric if either all closed geodesics are hyperbolic or
if there exists one closed geodesic of twist type satisfying the assumptions
of the Birkhoff-Lewis fixed point theorem. For Riemannian metrics this is a
Ck-generic condition for k ≥ 4, cf. [14] or [5, (3.11)].
Then we obtain the Proof of Theorem 3 stated in the Introduction:
Proof. Because of Theorem 2 we only have to consider the case of a finite
trivial fundamental group including the case of a trivial fundamental group.
Hence the statement follows from the corresponding statement for the uni-
versal covering space which is the 3-sphere by the Elliptization Theorem [2,
Th.1.7.3]. If there exists a closed geodesic of twist type then the proof of
the Birkhoff-Lewis fixed point theorem shows that the function N(t) satisfies
lim inft→∞N(t) log(t)/t > 0. The same estimate also holds for a Riemannian
metric on S3 all of whose closed geodesics are hyperbolic. This was shown
by Hingston [11, Thm.6.2]. 
Remark 4. For a closed surface, i.e. a compact 2-manifold the num-
ber N(t) of closed geodesics of an arbitrary Riemannian metric satisfies
lim inft→∞N(t) log(t)/t > 0. If the fundamental group of a closed surface is
infinite then the function N(t) grows at least quadratically since the its first
virtual Betti number is at least 2, cf. Proposition 7. This also holds for any
Finsler metric. For a Riemannian metric on S2 the function N(t) grows like
the prime numbers, cf. [12, Thm.]. But note that there are non-reversible
Finsler metrics on S2 with only two closed geodesics, the geometry of these
examples first introduced by Katok is discussed by Ziller in [27].
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